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SUMMATION OF CERTAIN INFINITE SERIES. 



By W. J. GKEENSTREET, M. A., F. tt. A. S., Editor of The Mathematical Gazette, Stroud, England. 



[ Concluded from February Number. ] 



(I) To get a series such has S 2^ — , i^/ t -iw ) where m and n may 

have any integral values from 1 to co, we proceed as follows: 

t»=oo l -12 »=« 1 \ 

Ji (2n-l)»J = ii(2n-l)* +2 S S (2p + l)« (2g+l)*' 

••• 2 2 , ^ ( „ ^ 2 (where 2p+l and 2g+l are any odd numbers 

from 1 to co ) =l\_\-%) — ggj by (0) and (/t) =-334. 

(m) Consider the identity -57 — r^xi = — 5 + , tt\T ~ 21 — — — ti )• 

v 7 % 2 (w + |) a w 2 (w + 1)* v tc w+1/ 

Here 2 ,/ x1 ., = 2 ^+ 2 ^- 1 -2(l-i+l-i+i-t+...) 

= -gH--£-l-2by (a) =-£-3. 
(n) Similarly, %3 (w \ if = ^- (^TTp - n* (n+1) * ^^ 

=l-3(-^- 3)=10-**, by (m). 
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t \ t in 1 1.1 2 4 

(o) In like manner, —r-, — ttti — — i + 7 — nm r? — nrs ~ zz /^,_i_i\s 

^^JinMn + l^Ji ^ + Lil?" ^Mjln'Oi+l)" 
- 4 !i^W- 2 -i5- 1 - 2 (T- 3)-4d0-^), by (o), (m), (.) 

_ «* 10* 2 ~ 
-■45 + ^~~ 35 - 

(p) The type j-^-g » 23T' 3T5 ' "" su ^ ests the identitv 

1 = t 1 1 1 t 1 

n (n+1) (n+2) ~ 2 ' n n + 1 s "»-+2" 
Squaring, we have 

1 n 1 1 1 ., 1 ,fl 1 \ 

[%(«+l)(m + 2)] l! - t -« 2 " , "(w + l) 2 ^ t '(n+2) l! *V TO w + 2/' 

Henee X[»(»+D 1 (»+2)]' =3t -T + (t " 1 ) + *(t~ x "^H 1 by (a) 

(0) Since -r-= # (1 — j — r), taking logarithms and differentiating, 

we have 

cos# />__2£_*2" 1/ftS 



sine - 2 „= 1 l-( fl V% s « 2 )' 

Osin^-cosg _ 2#T 1 A, g* , <> 4 . \ 
sin" ~ ** Lin 1 + i« w « + i*^ + — ; 

+ i(l+^i + 2^+-) + -] 
sinfi-cosfl . X 0% . »« - , 1 
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Now equating the coefficients of 2tc+1 , we have, on expanding 0sm6—cos°, 

lyt-rrin TrZn—Z 7r 2re_ 4 

,=Si./5^-iT.-S4./5r-or.+.--(-l) B *«. 



(2»+l)I 2 '(2n-l)! 4 '(2%-3)! 
where 2,,=-^+-^+-^+... to «. 

Hence for n—1, 2 2 = -— ^, which is (a) ; 



»=2, s*. "^t -3 *^""^!" and s * =_ 9o» wnich is ( c ); 



l_ = 8* e 

5! ^ 4 " 3! ' " 6 ' 1! 7! ' 



n=3, S s . -ft-S 4 .-7tt + S b . 






3! 5! ' 90.3! ' 7! 945" 



(r) If 1, a, b, c, ..., be all the prime numbers, the numbers not divis- 

ible by the square of any prime (unity excepted) are a, b, c, .... ab, ac, ..., 
abc, ... Then, the sum of the squares of the reciprocals of all numbers not 
divisible by the square of any prime is 

1+a- 2 + 6-2+c- 2 +... +a-ty-«+... +a- 2 6" 2 c- 2 + ... =/T(l + a~ 2 ) «=15/«* by (e). 

(s) Lemma. To find the limit of = — ?°* .v when 0=*. Put 0=* + A. 

v ' 1— (<*-A 2 ) 

sin# sinA sin/i 1 x » , A 

-Jt for ft=0. 



1- (**/**) (2-fe+A 8 )/- 2 fe ' 2A.+fc/f* 

sin^ n ~ m I 3 \ 
Now— jr-= n [l — g-^j. On dividing both sides by all factors of 

the type 1 - j^ where * is a prime, we have 

»[1— («»/**)] [l-(*V2** r )] ... V 4 8 * 2 A 1 6 2 -V"' 
Now if o=* this becomes 

i(i -ira-ip. =(1-^x1-^)... 
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The left hand-i (1+^- + ^-+...) (1+^- + ^-+...)... 

11 t 2 

=4 (l+^ + gT+.-.^jg by (a). 

Taking logarithms of both sides 

21og*-logl2=i + ^- + ^-+... + i(^ + ^-+... )-f i(A- + l-+... )+... 

=S 2 +4S 4 +42 e +... 

where &• is the sum of the reciprocals of the rth powers of all numbers that 

are not prime. 

(t) Equate coefficients of # 8 in (A) 

J_ 2 _ J__ jl(_1__i__2_U* — § i 1 - i 1 

4^8 8 9! ^5!5r3!7!/ s, 3!3!5! *(3!) 4 *' 9451 



4t» 8 9! 2 ^5!5! ' 3!7!/ 8, 3!3!5! *(3!) 4 *-9450' 

tt8 



V 



9450" 

«=» I ( m=» I ) / 1 \ n* 7 Tic* 

/\ "■?"/• iw-i 1 ^" 1 Vi o 1 ^ 7** 127 



128" 

255 17* 8 



(w) JJ (2n-l)« == K= 1 W)\ 1 ~1$J 9450 X 256256x630" 

»= °° 4 n== " / 1 1 \ 

{x) n =i n* (« + 3) 2 = \i \T* + (w+3)V 

_ o m «° (_1 2 . 2 \ 

Vi V n (n + 1) n(rc + l) (n + 2) n(n+l) (w+2) (n+3)/ 



" *V 6 ^ 6 l a 2 s 3V t V 1 4 18/ _ 



-31 



27 



(2/) TlTZo? + 



l 8 +2 3 3 3 +4 3 +5 3 ' 6*+7 , +8 , +9* ' "' 
8 



= 5 



n = 1 n 2 (n + l)*(n+2)* 
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— "sYJL 8 , 2 12 12 \ 

— „=i V w 5 + (w+1) 2 (n + 2) 8 n(n+l) + n(n+l) (n+2) / 

= ~- 3 -8 -2(-j- 3 + ^- 2 ) -12+3=2^-194. 

(«) _i 3_ + _A_ + -i["l-l— -1 + JL + -1-1- + "1 

1 2 .2 2 4 5 -5 2 7 2 -8 2 S L X 2 3 4* 5* 7* 8 2 * J 

= iri~i.4-i-_i-4.-L--L-i-i-_ i 

S L X 2 2 3 8 4 3 5 2 6 3 7 2 *"" J 

-1X1—1.-1-1- 1_(1__JUJl! i, r "> = 2 ' t8 
33^ 2 3+ 3 3 •"J V3 3 3 / 12 y W 81" 

(«) From the identity 

1 ^ IT 1 1 "I ^[~ 3^ 1 1 

(4w-3) 4 (4%-l) 4 2 4 L(4%-3) 4 (4%-l) 4 J 2 3 L(4w-3) 3 (4n-l) 3 J 

, 5 r i i -i 5r i l_i 

T 2 5 L(4u-3) ! "(4»i-l) 8 J 2 s U«-3 4«-lJ 



we have 



111 m=0 ° 1 

1 rtJ. -i 1 A I ••• •** 



1*.3 4 ' 5 4 -7 4 9 4 -ll 4 ' - „=i (ra-3) 4 (rc-l) 4 

1 ^+4-4-4-f=i(^-6- 3 + 30^-60 ; r). 



96x2* 2 s ' 32 2 8- 8 2 6- 4 1536 
To find ^~+ -^r+ 5477i+- = y(a i t _ 1) 4 1 (at + 1) 4 we use the identity 

(2 W -l) 4l (2«+l) 4== "2^ (w4+v4) - i^ S - v3 )+ ^(« E -^) 

— o» («-'») where ^=5— -~ v= 



2 6V ' " 2%-r 2»+r 

Hence the sum required is found to be tsf(" 4 +30- 2 — 384). 

(/?) Taking logarithms in (A) and equating coefficients of 4 , and also 

of tf 8 we have S — j and S — ^ as in (c) and (£) . 

»=1 W «=1 W 



Now 2 2 — 4 2 -±- 4 = s — J- S — 8 
m =im 4 w =i w 4 v„=i « 4 / „=i« 8 



2^8 

by (c) and (t) 



8100 9450 J v ' *""* w 113400 ' 
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. w g° 1 y 1 ^ 384* 8 
" TO =im 4 TC =i w 4 9! 5! 

and this is the sum of the products of the fourth powers of the reciprocals 
of every pair of positive integers. 

1 111 
(r) Consider the identity / __-iw , \ = o n + ; 



w(w+l)(% + 2) 2.n n+1 2(n+2)' 



We have ,, , Jk , rsw =4-.-^ ; + 



w 2 («+l) 2 (%+2) 3 4"w 2 (»+l) iT 4(»i+2) ,! 

a m 

\ w w + 1 / 



1 1 11 1 1 = _j$^ 

%•(%+!) 2 ' n 'n+2 "" (n+1) (n+2) - " 4 






"„=im a (« + D 8 («+2) 8 »=i w 2 Vi (n + 1) 2 V=i (n +2) 2 

— i(l — ¥+^ ¥ ''""s - f+i i~ •••) 

24^ 6 ir 4U 4/ 4*2 

= j___ 39 

4 16' 

( 8 ) Since, when a, 6, c, ... are all the primes save unity 

n (i_ a -e)-i=_g_ and il (_-_.-4)-i=-g b y (c) and (t) 



h (i+ a -4)-i = _fl ( t e . ; _21_._31_._5J_... 



105' 



(«) Since S — = ^-, S - 7 _ L T 7= "E> 

.^n 1 6 u =i (Sn) 1 54 

Subtracting, we have -755-= 1+-t>^+-72+"k^+"75+-" where the denom- 
inators are the squares of all numbers not divisible by 3, 

Euler's Introductio in Analysis Infinitorum (1748) Vol. I, Caput X. 
De usu Factorum inventorum in definiendis summis Serierum infinitarum, 
will be found a happy hunting-ground for those who want more of these 
series. The Latin is easily comprehended, the reader soon getting used to 
Dignitates, Potestates, Exponentes, and the like, while the methods are worth 
studying carefully by all interested in the historical development of 
mathematics. 



